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Approximate equations are derived for a narrow (paraxial) electron 
beam with a three-dimensional axis; these equations generalize the 
familiar equations [1] to the case in which the field of the charge in 
the beam is important. A class of beams is distinguished for which the 
problem reduces to ordinary differential equations. 
The paraxial approximation for a narrow beam of electron trajectories 
in a given field is well known for the case in which the characteristic 
dimension L, of the irregularities is much greater than a,, the charac- 
teristic width of the beam. The field of a three-dimensional beam can 
be included in the equations [1] if the beam density p is nonuniform 
over lengths L,. The self-field of the beam was not actually taken into 
account in [1]. In this paper we attempt to remedy this deficiency, with 
partial success for an axisymmetric beam with a rectilinear axis [2]. 

1. Tho  law of  p iano  o r o s 8  s e o t l o n s .  It i s  c o n v e n i e n t  
to u s e  a f o r m  fo r  the  e q u a t i o n s  of  a m o n o e n e r g e t i c  

b e a m  in wh ich  the  C l e b s e h  v a r i a b l e s  }, ~, X a r e  u s e d  
to r e p r e s e n t  the  v e l o c i t y  f i e l d  of  the  e l e c t r o n s  vow: 

g ~ v ~ , ~  = g ~ v ~ , ~  ----- (pgg~v~),~ = O, 

v~ _= A~ -4- [~tg., + X.-. (1.1) 

H e r e  qOZ a r e  c u r v i l i n e a r  c o o r d i n a t e s  wi th  a m e t r i c  
t e n s o r  gO~fl; the  s u b s c r i p t  f o l l o w i n g  the  c o m m a  d e n o t e s  
a d e r i v a t i v e  wi th  r e s p e c t  to the a p p r o p r i a t e  c o o r d i n a t e ;  

s u b s c r i p t s  wh ich  a p p e a r  tw ice  a r e  s u m m e d  f r o m  1 to 
3; Ao~ a r e  the c o v a r i a n t  c o m p o n e n t s  of  the p o t e n t i a l  of  
the  m a g n e t i c  f i e l d  Ho~. The  r e m a i n i n g  e q u a t i o n s  fo r  a 
s t e a d y  n o n r e l a t i v i s t i c  b e a m  h a v e  the f o r m  

g ~ v ~ v ~  ---- 2(p, (gg~cp,~).~ ---- p, g-~ - -  de t lg~ l .  (1.2) 

H e r e  ~ i s  the p o t e n t i a l  of the e l e c t r i c  f ie ld .  The  
p h y s i c a l  c o n s t a n t s  (e > 0 i s  the c h a r g e  and m the m a s s  
of  an e l e c t r o n ;  e i s  the v e l o c i t y  of l ight)  a r e  o m i t t e d ,  
wh ich  c o r r e s p o n d s  to the f o l l o w i n g  change  of s y m b o l s  

e (mc) - 'A~  -+ A=,  e (mc)-i/-/a --+ Ha, 

(e l rn)r % 4~ (e ] rn)p -.+ p .  

H e r e  l -= ql i s  the  l ong i tud ina l  c o o r d i n a t e  and s = q2 
and q = q 3 a r e  t r a n s v e r s e  c o o r d i n a t e s  r e l a t i v e  to the 
ax ia l  l i ne  R(/)  of the n a r r o w  b e a m  a s s o c i a t e d  with  the 

C a r t e s i a n  r :  

r = I I  + s s + q q ,  s = ~ l ' ] k ,  

1 ~ R', q =- l •  s, R'_= dR/d l .  (1.3) 

H e r e  l i s  the  a r c  l eng th  of the  ax i s ,  and the un i t  

v e c t o r s  l ,  s,  and q f o r m  the a c c o m p a n y i n g  r i g h t - h a n d e d  
s e t  (F ig .  1). Us ing  the F r e n e t  [3] f o r m u l a s  we h a v e  

s ' =  - - k l  + u q ,  q'---- - -us ,  

k -= 11'[, x k 2 =  (1 • 1 ' )1" .  (1.4) 

Here  k is  the cu rva tu r e ,  ~ is  the to r s ion  of the axis ,  
and it can eas i ly  be shown that  

dr 2 = (~2dl 2 .+ ds ~ .+ dq 2 - -  2xqdlds  "4- 2usdldq,  (1.5) 

I ~_2u --uq 

g~a = q i 0 

0 i 

i [ i uq 

~ x s  - - ~ s q  

X$ 

u2sq . 

In r e l a t i o n s h i p s  (1.6) 

g2 == det Igor] = (i - - k s )  2, 

o2 = (l - - k s )  2 + • (s 2 + q2). 

(1.6) 

In (1.1), (1.2),  and  (1.6) an  i ndex  of  s m a l l n e s s  e 
shou ld  be s e t  in t h o s e  p l a c e s  w h e r e  the s m a l l  p a r a m -  
e t e r  e .  a p p e a r s  a s  the r e s u l t  of  t r a n s i t i o n  to the  d i -  
m e n s i o n l e s s  q u a n t i t i e s  

s / a . ,  q / a . ,  l / L . ,  •  e . - = a . / L , ,  

i . e . ,  in f r o n t  of k, ~ ,  and d e r i v a t i v e s  wi th  r e s p e c t  to 

l. In do ing  so  we s i n g l e  out  the c a s e  of  a n a r r o w  b e a m  

c l o s e  to a r e l a t i v e l y  s m o o t h  ax i s .  As  an e x a m p l e ,  the  
e q u a t i o n s  f o r  Ao~ in a n o n r e l a t i v i s t i c  b e a m  can be w r i t -  

t en  in the f o r m  

Aq,~ - -  A~,q = gH!,  Az,q  - -  eAq,1 = g H  s, 

eAs, z - -  Az,  s = g H  q, Hq,s = Hs.q, 

Hz,q = eHq.~, Hl,~ = e l l s , l ,  H~  =- g ~ H ~ .  0 . 7 )  

....... ~ii!ii! 
~: ( ~ ~!!i} i! i':: 

Fig. 1 
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This  leads  to the pa rax ia l  approximat ion  for Act: 

Al  = ~dsq -- ~q S  2~_ ei/~ (k~dq -4- 2 x ~ / ) s  2, 

A ,  = --'l~f]~q, A~ = ~l~t~s. (1.8) 

Here ~ l ,  12s, and ~2q a re  the va lues  of Hl, H s, and 
Hq on the axis .  In a pa r ax i a l  beam the longi tudinal  
ve loc i ty  v l compared  with the t r a n s v e r s e  veloci ty  Vs, 

2 and ~ m u s t  Vq and the potent ia l  q~ compared  with v s Vq 
be r e p r e s e n t e d  in the f o r m  

v~ = 8-iv (1) + A ~  + ~ P , ,  

cO = 8-~U + e -i ( E :  + Eqq) +d) .  (1.9) 

Keeping the above in mind  we eas i ly  obtain f rom 
(1.1), (1.2), (1.6), (1.8), and (1 .9 ) tha t  

2U = v 2, gs : k v  ~ - -  V~q,  E q  : v ~ s ,  

~,~ + u~,~ + uq~,~ = ~,~ + u~,~ + u~,~ = O, 

~,.~ ~ (O~/Ol)v, (1.10) 

(pv),~ + (u,pv),, + (uqp.),q = 0, 

u,(q) ~ B,(~) + ~,,(q) + X,,(~), (1.11) 

i s f ies  the equat ion of cont inui ty (pv is  a longi tudinal  
component  of c u r r e n t  densi ty  of the beam).  We thus ob-  
tain a gene ra l i za t ion  of the f a m i l i a r  law of plane c r o s s  
sec t ions  [4] for  the case of c u r v i l i n e a r  motion with a 
va ry ing  axial  veloci ty .  As one would expect ,  n o n s t a -  
t ionar i ty  of the magnet ic  f ield leads to the appearance  
of the cur l  ~ in the e l ec t r i c  f ield s t rength  es ,  eq. 

It should be noted that the following can be reduced to Eqs. (1.11): 
(1) the equation~ of a nonenergetic beam with an electron energy ~ (~), 
(2) the equations of a nonsteady (t) beam,  i f  we assume that the beam 
parameters in (1.11) may be arbitrary functions of t - r; i.e., non- 
steady pcrmrbations in the narrow beam propagate in the form of waves 
moving along the beam with a velocity v. 

The initial equations for a relativistic beam differ only in the form 
of (1.2). 

g ~  v~% = 2q~ + (q~ / c) ~, (gga~ q)#),~ ---~ p (1 + q~c-~), (1.16) 

if we assume that v a / c  is the 4-veloci ty  and p is the scalar charge 
density. Let v l be on the order of c. Then representing v l and ~ in the 
form (1.9) with an accuracy to s~, we easily obtain the same equations 
as in (1.11) and also 

2U+ (U/ c)~= v ~, v E s = k v  "~- vflq, 

?Eq = vg~s, ?=-- I + Uc -~. (i.17) 

The difference is in the expressions for AI, r and n: 

u.Z +uqZ + 2 ( ~ , ~  + X,x) = 2 %  

~P, ss +*,qq  = p - - n ,  dl _=_vd'~, 

Bs =-- - - t / ~ q ,  Bq ~" xAt2s, ~ = f ' - - 2 •  

2~P =-- 2$ + v z (3kZs 2 -- • 2 --u2q z) + 

+ (~,q -- Qqs) z + vs(4k~sq --  3F~qks + 2Q,xs), 

n ~ 2 ( k  ~ - •  + P .  2 +flq2 + 

+2v  (x~, --k~2~) + U", (1.12) 

Here Eqs.  (1.10) co r r e spond  to the zeroth and f i r s t  
approx imat ions  in e, and (1.11) to the second approx i -  
mat ion,  ff we a s s u m e  that U is  the potent ial  and E s 
and Eq a re  the f ield s t r eng ths  on the axis,  then Eqs.  
(1.10) a re  the exact  equat ions  for the e l ec t ron  t r a j e c -  
to r i e s  in  the f ield of the beam.  The sense  of Eqs. (1.11) 
appea r s  m o r e  c l e a r l y  when they a r e  wr i t ten  in the 
Lagrange  va r i ab l e s  % ~, and ~?, where ~ and 77 a re  the 
coord ina tes  of the e l ec t ron  in the in i t ia l  c ros s  sec t ion  
T=O: 

s,~ x = e s - -  f~q.~, 

q,.~,~ = eq -~- ~S,.~, ~ ~ ~ - 2 •  (1.13) 

vp = / (~, ~1) Is, eq,~ -- s.~q,e[ -~, 

s = s (,, ~, n), q = q (~, ~, n), (1.14) 

es,s -4- eq,q = p - -  1~, 

eq, s - -  es, q = ~ ,  ~ ~ d~~ / d z .  (1.15) 

Here j is  the c u r r e n t  dens i ty  in the in i t ia l  c r o s s  
sect ion,  the dot ind ica tes  a der iva t ive  with r e s p e c t  to 
% and a dash ind ica tes  a der iva t ive  with r e spec t  to l. 
These  equat ions  a re  equiva len t  to the equat ions  of a 
nons t a t i ona ry  plane (s, q) e l ec t ron  cloud on a "space 
charge"  background n (~') which is  a l t e rna t ing  in " t ime" , 
~- in a un i fo rm "magnet ic  f ield" ~2 but with one d i f f e r -  
ence:  the densi ty ,  mul t ip l ied  by a funct ion of t ime,  s a t -  

2yq) ~ 2t~ + 2vA - -  (Ess + Eqq)~c -2 + 

+ v 2 (3k2s ~ -- • -- x~q 2) + (~sq -- ~qS) 2 + 

+ vs (4k~sq ~ 3ksOq + 2• ), 

A.ss  + A,qq ~ pvc -2 , 

n = 2 (k s - • v~T 2 (• - kQq) v +  

+ ? U "  + ~2s~ "~ ~q~" -- (Es: "+ Eq ~) c -'a. (1.18) 

Here eA is an increment to Al in (1.8)which takes into account 
the self (pinching) magnetic field of the beam. Thus the law of plane 
cross sections in the form (1.18)-(1.15) is also valid for the ease of a 
weakly relativistic beam. 

2. Degenera te  Solutions.  We include un i fo rm beam 
deformat ion  in a plane c r o s s  sec t ion  within the f r a m e -  
work of the i nve r se  p rob lem,  as  was clone in [5] for  the 
case v = const  and a r e c t i l i n e a r  axis :  

s = c t ~  +fi~l, q =  ~t~ +v~3, D (~) ~c tv  --  f ~ .  (2.1) 

In this case  the axis  coincides exact ly with an e l e c -  
t ron t ra jec to ry .  Inser t ing (2.1) into (1.13)-(1.15) we 
have 

Des = [~v -- ~t + ~ (:iv -- i p~)]s + 

[#a --  a [ t +  Q (+a --  #[t)]q, 

[ ~)a -- g~ + g~ ( ~  -- ~ ) ] q ,  (2.2) 

~v - - ~  + a ~ - - ~ a  = $2D-- co,, (o, = const, (2.3) 

--  2 (a+ --  ~ )  + ( n  + ~ 2 )  D - -  ~c0, = ] . / v ,  

P = 1. (vD) -1. (2.4) 

The same  r e s u l t  i s  a lso  obtained if we look for  a 
solut ion of the in i t i a l  equat ions  in the fo rm of a Taylor  
s e r i e s  in powers  of s and q. Thus (2.1)-(2.4)  desc r ibe  
a na r row tube of t r a j e c t o r i e s ,  cut out of a wide beam 
where  the i r r e g u l a r i t y  d imens ion  is  L . .  Equat ions 
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(2.3) and (2.4) leave  f ive of the seven  funct ions  of ~- (vz, 
f l ,p ,  v ,v ,  k , ~ )  a r b i t r a r y ,  which m e a n s  that  we have a 
f a i r l y  f lex ib le  b a s i s  for  f o r m i n g  n a r r o w  b e a m s  with the 
n e c e s s a r y  p a r a m e t e r s .  F o r  the f ive s i m p l e s t  types  of 
t w o - p a r a m e t e r  d e f o r m a t i o n s  with the m a t r i c e s  

Ma= 5cosO --5sinOI 
5sin0 5cos0 ' 

M a =  Dcos0 - - s i n 0  , 

D sin O cos 0 

Dcos0 - - D s i n 0 [  3,~_ ~ [~'1 
M~-= sin0 cos0 ' 

(2.5) 

Eqs.  (2.3) and (2.4) a s s u m e  the fo l lowing f o r m s ,  r e -  
s p e c t i v e l y :  

~t = f~D - -  co., (M1), "D~ - - '~D = ~D - -  co., (M..), (2.6) 

"~9 § (n + ~9 D = [~o, + ] ,  / v, (Mi, M~), (2.7) 

20 ---- ~ - -  (o , /D,  (M3, M4) , 
(~ (i ~- D ~) = D~2 --r (M~), (2.8) 

2'~ § i/2~25 - -  ~]~ o).25 -3 ~- n~ = ] ,  / 5v, ( M a ) ,  (2.9) 

D -p ~/2~22D - -  ~/2(o.~ / D §  = ] .  / v, (M4), (2.10) 

- -  2D (1 § D2) -~ (D~ - -  0),) 2 ~- 

+ ( n  § ~e) D = ~2o), § ] . / v ,  (M~) . (2.11) 

Equat ions  (2.7) and (2.9) d i f fe r  f r o m  the equa t ions  of a 
p lane  s y m m e t r i c  and a x i s y m m e t r i c  b e a m  [2] by the 
def in i t ion  of the funct ions  ~ and n, which enab l e s  us  to 
d e s c r i b e  b e a m s  with a c u r v i l i n e a r  ax i s  and r e l a t i v i s t i c  
v e l o c i t i e s  and having c o m p l e t e l y  a r b i t r a r y  c r o s s  sec t ion .  

In what  fo l lows we c o n s i d e r  a few so lu t ions  of ( 2 . 6 ) -  
(2.11) fo r  a b e a m  with a h e l i c a l  ax i s  in a h e l i c a l  m a g -  
net ic  f i e ld  on a c i r c u l a r  cy l i nde r ,  so that  k, ~ ,  12l, 12s, 
and 9<t a r e  taken to be cons tan t .  

2.1. F o r  a b e a m  with cons tan t  c r o s s  s ec t ion  (D = 1 
in M a) Eqs.  (2.9) and (1.12), (1.18) lead ,  r e s p e c t i v e l y ,  
to the equa t ions  d e t e r m i n i n g  the ve loc i t y  v (l) in both 
n o n r e l a t i v i s t i c  and r e l a t i v i s t i c  c a s e s :  

i/2b= C , - -  F ,  

2F - -  ~ , ~ v  2 + k Z r  - -  a]3k~qv 3 - -  2 ] . v ,  I (2.12) 

c2 (V'P = C. - -  F --= 

.C. §  2 a r c t g v / c - - ( k v  2 / c 7 )  2 -  

--  (1"112 -- r 2) In ? § (~82 § ~q2) ?-2 § 

+ 2  ~qk (c arc tg v / c - -  v?-2), 

Q,2 --  1A (~12 _ o),9 + ~ + Qo2, 

c (V z - -  t)'/, = v. (2.13) 

It can be seen  f r o m  (2 .14) tha t  the v e l o c i t y i s  l i m i t e d  
by a va lue  d e t e r m i n e d  by the equat ion F = C , .  In the 
ca se  of C ,  = 0 the p e r i o d i c  so lu t ion  with ampl i tude  v ,  
(F ig .  2) i s  ob ta ined ,  

v ,  ~ ( f l , ] k )  u, u 3 §  §  2 =  i , ,  

i ,  ~ 2] ,k  ~-a, ~ ~ _2/3~q ] ~,. 

t ds ~.o 1.5 2.o z.5 u 

Fig.  2 

In p a r t i c u l a r  the p e r i o d i c  so lu t ion  

v = (2].k-2)'1, (sin3/2 kl)'/,, ~s = Qq = O, 

~l  = o). (2.14) 

s a t i s f i e s  the boundary  condi t ions  in the plane l = 0 at  
the ca thode.  The ve loc i t y  as  a funct ion of a r e  length 
(2.14) i s  the s a m e  as  in the e x a c t  so lu t ion  for  e l e c t r o -  
s t a t i c  flow ove r  a d i s k  [6]. However ,  the a p p r o x i m a t e  
so lu t ion  (2.14) i s  a l so  app l i cab l e  for  flow along a h e l i -  
cal  magne t i c  f i e ld  s t r e n g t h  l ine.  The so lu t ion  for  a 
r e l a t i v i s t i c  b e a m  with condi t ions  (2.14) has  a p e r i o d  l .  
and an ampl i tude  7 .  (F ig .  3), 

Y, 

+ S ; kl .  = ] f~ .2arc tgv lc_vtc_%_2 , o~. - -  k-~c 8 , 
1 

(~'.-- l / ~'.)2 = a. {4 arc tg [~', § (y.2--  1)'/2] - -  ~}. (2.15) 

F o r  a b e a m  with a cons tan t  width a long s (D = 1 in 
M1, the equat ion for  v fol lows f r o m  (2.7), (1.12): 

% (r = C,  § i , v  - -  

__(~'~/2 § ~-~82 § ~q2 __ ~lfD,)112 V2 § 213b'3 (~4fl l § 

§  - -  uo).) - -  i A (k 2 § ~2) v i ,  (2.16) 

which has  the s a m e  f o r m  as  in (2.12), but i s  a function 
of the t o r s i o n  of the ax i s .  A s i m i l a r  r e s u l t  i s  a l so  o b -  
t a ined  in the r e l a t i v i s t i c  ca se .  

O~ 

;2\\ , J  

~ ~ / / 8  ~ / z ~ ~ ~ .  

/ 

Fig.  3 
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2.2.  For a beam with constant velocity, periodic solutions are in 
general obtained from (2.7), (2.9)-(2.1I) ,  

D = (gtto. + j,  / v) (01 ~ -F A.  sin r + B.  cos ohm, 

c o ? - - = n + f ~ ,  M~, M~, 

6 i + V~ (n + V~t~ ~) 6~ + V~co.26~ = 

-~-C. q - j . / v l n f ,  M s ,  (2.17) 

/ ) ~ =  C, -b [2]. / vD + o } . ~ l n D - - ( n q - ~ / ~ f ~ ) D ~ ] ,  Me, (2.18) 

O ~ =  C, + 2(~(o,  + / , / v )  D - -  

- - ( n +  ~ ) D  ~ + 2 ( ~ -  r  

+ 2~2co, D) (t + D~) -~ + 

4- 2f~ ~ In (t + D ~) - -  4tic L are tg D, Ms. (2.19) 

Equation (2.17) has the same form as the equation for the boundary 
pulsations of an axisymmetric  beam with a rectilinear axis in a uni- 
form magnet ic  field [7]. 

The parameters of the periodic solutions (2.17) are calculated in 
[7]. The structure of Eqs. (2.18), (2.19) is qualitatively similar to (2.17). 

2 .3 .  Periodic solutions can also be constructed for a beam with a 
constant density p.: 

v = v . / D ,  p. ~ 1 . / ~ . ,  

D = b~+(b ~ ~ a~) 'q sin r.o'~. (2.20) 

The solution (2.20) is obtained from (1.12). (2.7),  (2.9), (2.10) 
for a nonrelativistic beam if the deformations Mr, M~, M~, M4 are 
given the following values, respectively: 

•  + (k ~ + • ~,~ = a2~o~, 

~/~f]l~.  "4- v ,  (• -~ kf~q) = 2b~ca ~, 

khg. - -  Valor. ----" a%~ ~, v.kf~q = 2b~o ~, 

x/~f~t ~ + gls~ "4" fF-q - -  p, = to ~, M~. (2.21) 

The coefficients in the case of M s differ from the coefficients of 
M4 by a factor 4/3 in the left-hand side. The following equation is ob- 
tained from (1.12), (2.11) in the case of Ms: 

D ~ = - { o  ~(a ~ -  2b ~D n t -D ~ ) +  

4" 2/) ~( t '} -D~)  ~ (D~l - -  ~ , - -  2• ~, 

which also describes the periodic variation of D. Here w, a, and b are 
taken in accordance with (2.21). 

2 .4 .  The solutions of paragraph 2.1 may be used for constructing 
an electron gun with a curvilinear beam, and the solutionofparagraphs 
2.2, 2.3 for constructing a channel which focuses an extended periodic 
beam, if  we specify a potential r outside the beam, where r satisfies 
Laplace's equation 

e* [r~ / g (%,  - -  x~,0)], t + (gq),r),r "~ 

[Vg (~q~,,) - -  e~• ~q~,~],o = 0, 

s ~ r c o s 0 ,  q ~  r s i n 0 ,  

g ~  r ( t - - e k r c o s 0 ) ,  ~ =  g~r - z 4 - e ~ •  ~. (2.22) 

Here l ,  r, and 0 are quasi-cylindrical coordinates. 
Representing the potential outside the beam in the form (1.9), (1.12). 

= e -~U + g-at  (Es  cos 0 + Eq sin 0) + 

r ~ ( p 0 + F  e c o s 2 0 + F s s i n 2 0 ) + ~ ,  

Fo ~ ~/~ (3k% a -'F ~q~ 4- f~s ~ - -  3f~qkv-.~- 2f~t?W - -  2• 

Fe --  a/~ (3k2v2 ..}_ flq~ - -  f l s  ~ __ 3 ~ q k v  "4- 2f lp 'v) ,  

Fs  =--- k ~ s v  - -  ~/~-~s g2q , (2.23) 

the following approximate equation may easily be obtained from (2.22): 

(rt~,r), r -'[- r'-l~,00 = 8k [(cos 0r -~ cos O (r~,r),r] - -  
- -  eZr [*,it - -  (x*,0),t - -  • -}- • - -  nr - -  erZ (n~ cos 0 4- 

+ r~ sin0) - -  e~r s (n~ cos 20 + n~ sin 20 -4- nO, 

n~ ~- (-kU')" -Jr- E s "  - -  (~Eq)'  - -  • - -  ~E'q - -  k (fiF o -~- 2Fe) , 
n~ -= k•  2v E q "  ~- (xEs) '  - -  XZEq "4- UEs' - -  2kFs~ 
n~ ==__ 1]~ (kZU,), + ~/~ (kEs ' ) '  - -  ~[~ (ukEq)" - -  k• - -  
- -  •  + F e "  - -  2 (• - -  2uFs '  - -  4x~Fe, 

n~ = • ' + ~]~ (kEq') '  + i/~ (k• - -  ku  ~ E a + k•  + 
-4- F s "  -4- 2 (• + 2uF c' - -  4• 

nz ~ l]~ (k2U,), -4- ~/2 (kEs ' ) '  - -  1/~ (• + Fo"  (2.24) 

where terms of order ss  have been omitted. The solution of (2.24) 
which satisfies the boundary conditions on the surface r = ~ of a circu- 
lar beam with deformation M s has the form 

~0= W + B l n r - - V 4 n r  2 -  

- -  ~V. W~ ( rs - 2/~r + P / r) (no cos 0 + 

+ n2 sin 0) - (2r In r / ! - -  r + 1 ~ / r) k B  cos 0} --  

__ a~ 1/4 (x/4 (r 4 _ i4 _ 4/4 In r / ]  ) (n~ + 1/4n" -]- g/sk2n + 

4- V , k n O  - -  (r 2 - - / 2  _ 21~ In r / 13 ( W "  - -  V2k~B In ! - -  

- -  B"  - -  1/ffz kno) + 

+ [(r z __/a) In r - -  2/* In ( r / 1 3  In 11 (1/zk2B - -  

- -  B")  - -  1/6 (2r 4 - -  3fzt e -[- /ar-2) [(n 3 -f- ~/skno) cos 20 q- 

+ (n4 + t / skn, )  sin 20] - -  • (1 - -  1/2r~l-2--a/2]~r-2 ) • 

• [ ( l~no+2kB)  cos 20+fZn2 sin 20]), 

no - -  nl -k- S/2kn, B ~ a/~r,2j, / v, 

W = V2B ( t  - -  ln  f~), l ~ r . 6 -  (2.25) 

The solution (2.23), (2.25) has the accuracy of the paraxial approx- 
imation %3 in a tube which is s .  -~ t imes wider than thebeam,  since 
an additional two terms in the expansion with respect to s have been 

taken into account in (2,25). 

3 .  B e a m  p u l s a t i o n s  i n  a n a r r o w  o a v l t y .  L e t  u s  n o w  

c o n s i d e r  b e a m  p u l s a t i o n s  b e t w e e n  t w o  e l e c t r o d e s  ( F i g .  

4)  i n  t w o  c a s e s :  p l a n e  ( l ,  s )  a n d  c y l i n d r i c a l  ( l ,  r ) ,  f o r  

w h i c h  E q s .  ( 1 . 1 3 ) - ( 1 . 1 5 )  a s s u m e  t h e  f o r m  

s , . ~  + f~2s + f ~ P  = - - n s  + l / v  - -  O - % .  

pv = (sa) - l ,  (3.1) 

r ~ + 1/~ f l z  r _ p 2 r - S  = 

= (Y / v - -  Q) (2ar)  - t  - i h n r  =- * , r ,  (3 .2 )  

r z ~ - s  2 - 4 - q z ,  p = p ( J ) ,  

r = r (% J) ,  2 n p v r =  (r s ) - l .  (3 .3 )  

Here J is  the s t r e a m  function,  P is  the component  
o f  t h e  g e n e r a l i z e d  m o m e n t u m  i n  t h e  d i r e c t i o n  o f  t h e  

c y c l i c a l  c o o r d i n a t e  q o r  0 .  T h e r e  a r e  m a n y  p a p e r s  

w i t h  t h e  c a l c u l a t i o n s  o f  t h e  s y m m e t r i c a l  p u l s a t i o n s  o f  

t h e  b e a m  b o u n d a r y  w i t h i n  t h e  f r a m e w o r k  o f  t h e  e q u a -  

t i o n s  o f  p a r a x i a l  o p t i c s  [8] ,  w h i c h  d i f f e r  f r o m  ( 8 . 1 ) ,  

( 8 . 2 ) ,  a p a r t  f r o m  t h e  d e f i n i t i o n  o f  ~ a n d  n ,  b y  t h e  a b -  

F i g .  4 
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s e n c e  of the  t e r m  Q. T h e  f u n c t i o n  Q a p p e a r s  a s  t he  r e -  

s u l t  of the  a s y m m e t r y  of  the  p l a n e  b e a m  (3.1)  o r  a l s o  

a s  t he  r e s u l t  of  t he  p r e s e n c e  of t he  c e n t r a l  e l e c t r o d e  

( rod)  in  t he  a x i s y m m e t r i c  c a s e  ( F i g .  5) a n d  i t s  p h y s i -  
c a l  m e a n i n g  i s  t h a t  of a m o v i n g  c h a r g e  d e n s i t y  i n d u c e d  

by  the  b e a m  on t he  e l e c t r o d e s .  F o r  Q ~ 0 E q s .  (3 .1) ,  

(3 .2)  a r e  i n t e g r o d i f f e r e n t i a l  e q u a t i o n s  a n d  do no t  h a v e  
d e g e n e r a t e  s o l u t i o n s ,  w h i l e  t he  d e n s i t y  p i s  m a r k e d l y  

n o n u n i f o r m  a c r o s s  the  b e a m .  

3 .1 .  L e t  two  c y l i n d r i c a l  e l e c t r o d e s  b e  s i t u a t e d  a t  

d i s t a n c e s  s = i b ,  b ~ a .  f r o m  a p l a n e  a x i a l  c u r v e  (~ = 

= 0) a n d  h a v e  c o n s t a n t  p o t e n t i a l s  V+, V _ :  

V• = e  -z U .4- e- 'bE~,  

E~ = k v  z - -  f~qv, (v~,  = E q =  0). (3.4) 

T h e  f o l l o w i n g  e x p r e s s i o n  i s  o b t a i n e d  f o r  t h e  p o t e n t i a l s  

(p+ in  t h e  g a p s  b e t w e e n  t he  b e a m  a n d  t h e  e l e c t r o d e s ,  

w i t h  the  a c c u r a c y  of  t he  p a r a x i a l  a p p r o x i m a t i o n :  

~+ = e-~U + ~-~ E~s + 
-[- ' /~kEs (s 2 - -  b~) + B:t: i s - -  (q- b)].  (3.5) 

W h e n  t he  e x t e r n a l  f i e l d  (3.5)  i s  m a t c h e d  w i t h  the  i n -  

t e r n a l  f i e l d  (1 .9) ,  (1 .12)  on  t he  b o u n d a r i e s  of  t he  b e a m  

s = s~: we h a v e  

B+ = J .  / v - -  Q, Q - - J . ( 2 v b ) - '  (b - -  <s>) = - -B_,  

<s> --  i / J .  l s d Y .  

H e r e  J .  i s  t he  t o t a l  b e a m  c u r r e n t ,  (s  > i s  t he  c e n t r e  

of  g r a v i t y  of  t he  b e a m .  It  f o l l o w s  f r o m  (3.1)  t h a t  f o r  

<s> 

<s') + ~o~ <s) = - - f l  <P) ,  

(o~ ~ ~ q- n - -  J , ( 2 v b )  - ' .  

L e t  w, f~, a n d  v b e  c o n s t a n t s .  It t h e n  f o l l o w s  f r o m  

(3.1)  t h a t  

s = <s> + A (J) cos (%~ + B (J)  sin 0)~T, 

o~ _= (f~2 + n)'/,, 
<s) = - -  fl < P )  ~-2 + a ,  sineox q- b ,  costox. 

It  i s  c l e a r  t h a t  in  a d d i t i o n  to the  s y m m e t r i c  p u l s a -  
t i o n s  of  f r e q u e n c y  ~ t h e r e  i s  t h e  a d d i t i o n a l  o s c i l l a t i o n  
of  the  b e a m  c e n t r e  w i t h  t he  s h i f t e d  f r e q u e n c y  w. T h e  

c o n d t i o n  w = 0 d e t e r m i n e s  t he  l i m i t i n g  b e a m  c u r r e n t  
2vb  (f~z + n) i n  e x c e s s  of  w h i c h  the  b e a m  c e n t r e  o s c i l l a -  

t i o n s  b e c o m e  a p e r i o d i c .  

3.2. The charge density on the rod is determined as follows for an 
axisymmetric beam with a rectilinear axis: 

2 7 Q = - - 4 ~ u q -  27J , / v -  
m 

r=---lnR+/R_. (3.6) 

Here u is the potential difference between the electrodes, R+, R_ 
are the radii of the electrodes (Fig. 5). Let u, v, and f~ be constant, 
and let n = 0. For these conditions the integrodifferential equation 
(3.2), (3.6) has an accuracy e. $. A solution can be found for departures 
of the order e. from the equilibrium state, 

r=  R (J)+~/-~(R x), 2~v( f~'R' 

R+ 

r+ 

Fig .  5 

q- cooS/= (2nTv)-' I ]R-SdJ' I,= 

coo s = ,/~f~s + 2PSR~. (3.8) 

Equation 43.8) describes oscillations f of frequency r on which 
there are superimposed oscillations with the shifted frequency w, 

J ,  

1 (c, cos r q- b, sin coY), RS (coos _ cos) = 2nvT. (3.9) tOO 2 - -  0)2 
0 

Curves are given for the solution of Eqs. (3.7), 43.9) in the case 
P = P, = const in Fig. 6, where families of curves 7(u,p,k) are shown 
for~ = 2 a n d k = h  

7=1/4~s(1--~)-1 (in [ix4 (i --  v 2)%+ i ] - -  

--ln[(l--vS) k+l]}  + In~, 

Ix ---- r+ / r_, k - ~ S r _ ' / 4 P . ,  v ~ 2 ~ f l  "~. 

Regardless of the form of the solution considerable nonlinearity re- 
mains in the problem, associated with the fact that the amplitude of 
the oscillations depend on J through the frequency w 0 and the initial 
conditions. This nonlinearity leads to the intersection of electron tra- 
jectories at the instant ~,j = 0, which determines the limits of applica- 
bility of the solution. 

Note 1. It is interesting to note that the coaxial equation for a 
beam which is symmetric relative to a rectilinear axis and has an ap- 
preciable nonstationary axial velocity and magnetic field Iv = v(t, I ), 
f~ = ~(t, l )] is of the form (3.2) when J/v is replaced by J / l  ,k. In this 
case 

n -~ U,l l, U = U (t, l), k,t = - -ok , l  , 2nrp = (r,jl.k)-l. 

As dis t inct  from the s t eady-s t a t e  beam the pa rax ia l  f ami ly  of t ra -  

jectories  g iven  here  depends marked ly  on the in tegra l  of motion of an 

e lec t ron  with ax i a l  v e l o c i t y  v-' r = r ( t ,k , J ) .  In par t icular  there  are also 
degenera te  solutions of the form (2 .1) - (2 .4) ,  where a ,  $, and y are 
a l ready functions of t and k and a dot denotes a par t ia l  de r iva t ive  with 

: ;H/ll]i 
f.Z I 

i z . 5 ~ K \ \ ' ~  \ j  
0. a ~ r ] ~ ' ~  r - ~  

'~ F , ! 

l' ,No ' _%1 

Fig. 6 
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respect to t. Any attempt to construct a paraxial equation for a non- 
steady-state beam with a curvilinear axis necessitates a more general 
approach, which takes into account the nonstationarity of conditions 
on the axis and the nonstationarity of the axis itself. 

Note 2. It can be shown that degenerate solutions satisfy zero ve- 
locity emission conditions on curvilinear cathodes also. 

We take the opportunity to thank A. N. Ievlev for his assistance. 
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